Vanishing Geometric Discord in Non-Inertial Frames 
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We revisit the "field entanglement in non-inertial frames" scenario extensively studied in pre- 
vious literature and demonstrate that the geometric discord, a proposed measure of generalized 
quantum correlations, decays to zero in the infinite acceleration limit. This is in contrast with 
previous research showing that the acceleration-induced degradation of quantum discord was not 
strong enough to extinguish discord in this limit. We argue that our finding has two opposing 
but non-contradicting implications. On the one hand the usable quantum correlations in the large 
acceleration regime appear severely limited for any protocols making use of geometric discord as a 
figure of merit. On the other hand our result indicates, in corroboration with other recent work, 
that the geometric discord is not a faithful measure of quantum correlations, especially in the case 
of continuous variable systems due to the existence of states which have finite quantum discord but 
are nevertheless infinitesimally close (in the Hilbert-Schmidt norm) to a zero-discord state. 
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I. INTRODUCTION 

In recent years there has been a growing level of inter- 
est in the field of relativistic quantum information. Some 
of the seminal work performed in this regard has been the 
study of entanglement between quantum field modes as 
observed by relatively accelerating observers P, ex- 
traction of field entanglement using the expansion of the 
universe 0, 0] , and the study of entanglement in black 
hole spacetimes 0, Q . Research of this sort is useful and 
interesting both from the viewpoint of obtaining a fun- 
damental understanding of nature as well as from the 
practical side of things. Seeing as we live in a relativistic 
world it makes sense to understand quantum information 
in this regime, and not just in the Newtonian limit. Ad- 
ditionally it may help to guide us in the implementation 
of quantum circuits and the quantification of both the re- 
sources required to overcome, and the resources provided 
by, relativistic effects. 

The flat-space scenario that we will consider is the 
same as that considered in 0, 0. Alice is an inertial 
observer who shares a maximally entangled state of a 
quantum field with a non-inertial observer named Rob. 
It is found that the acceleration of Rob induces a degra- 
dation of the entanglement such that, for a bosonic field, 
the entanglement decays to zero in the limit of infinite 
acceleration. Of particular interest in this article however 
is the quantification of quantum discord rather than of 
entanglement. Quantum discord, originally introduced 
in Q , is a measure of quantum correlations that extends 
beyond entanglement. This quantity is useful in the case 
of mixed states (which our state of interest par is an 
example of), and generally it is possible to have separa- 
ble mixed states that nevertheless have nonzero discord. 
Indeed it was shown in [§[ that the decay of quantum 
discord Di(par) of a bosonic field in our non-inertial 



scenario decays to a finite value in the infinite accelera- 
tion limit, despite the fact that the entanglement decays 
to zero. Since discord has been shown to be a usable 
resource in mixed state quantum computation and com- 
munication [9l-fl2j. this result indicates the possibility of 
Rob being capable of performing quantum computational 
tasks even in the case of large accelerations. A similar 
study was performed for a fermionic field [f3j in which 
case similar behaviour is witnessed. However entangle- 
ment in the fermionic case in this limit does not vanish 
either, and so the utility of discord as a resource remains 
unclear. 

Our goal in this article is to contrast the quantum dis- 
cord fli as computed in Q with the geometric discord 
Dq in the same Alice-Rob scenario, which in fact van- 
ishes in the infinite acceleration limit. The geometric dis- 
cord (Til [l5j is an alternative definition of total quantum 
correlations that is defined as (the square of) the Hilbcrt- 
Schmidt distance between the state in question and the 
nearest state of zero quantum discord. Both the quan- 
tum and geometric discords have been given operational 
significance (see for example [r| and [l?} respectively). 

Our result is peculiar in the sense that we have a state 
which has finite quantum discord but is nevertheless in- 
finitesimally close (in the Hilbert-Schmidt norm) to a 
zero-discord state. This behaviour was also observed in 
[lH , and is seen there to be a result of considering states 
on infinite dimensional Hilbert spaces (which will appear 
when studying field states as seen from accelerated ob- 
servers) that have unbounded energies (which of course 
these states do in the infinite acceleration limit). In fact 
similar behaviour is observed for entanglement in infinite 
dimensional systems as well, where it is known that un- 
less one bounds the mean energy the states of infinite 
entanglement entropy form a trace- norm dense set (f9j . 
Our discovery of vanishing geometric discord for large ac- 
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cclcrations is commensurate with these findings. Quite 
generally therefore one must keep in mind questions of 
dimensionality and energy when attempting to quantify 
correlations, especially in the case of infinite dimensions 
(T§l . [20(-[22j . Here we will discuss two implications of the 
discrepancy between the quantum and geometric discords 
for large accelerations. The first is that usable quantum 
operations are perhaps somewhat more limited in this 
regime than previously thought, and the second being 
that the geometric discord is not a faithful measure of 
quantum correlations in the case of infinite dimensions. 

The majority of work on quantum discord has focused 
on finite dimensional systems and their extension to in- 
finite dimensions is unclear. As this paper was being 
completed however, Tufarelli et al. [23j demonstrated - 
by considering a closed form solution of the geometric 
discord for 2 x d dimensional systems including the case 
d = oo - that geometric discord is the essential operative 
ingredient for remote quantum state preparation 17|, a 
variant of the quantum telcportation protocol, even in 
the infinite-dimensional case. Such a result has obvious 
implications for the Alice- Robb scenario considered here. 
In particular it indicates, given the vanishing of both en- 
tanglement and geometric discord for large accelerations, 
that there is at least a significant set of quantum opera- 
tions that are restricted in this limit. In particular, this 
statement is at the very least true for quantum communi- 
cation protocols: while the teleportation fidelity vanishes 
due to the lack of entanglement we see via vanishing ge- 
ometric discord that remote state preparation becomes 
impossible as well. Interestingly it has very recently been 
pointed out that geometric discord is also the figure of 
merit for non-locality as quantified by the glob al change 
of state induced by local unitary evolution [24| , however 
it is unclear if the conclusions of this work extend to 
infinite-dimensional systems as the one considered here. 

One may be tempted to make a claim stronger than 
that given above and declare that no usable quantum 
correlations remain in a state of zero geometric discord. 
An innocent argument to be made for this is that two 
states with vanishing Hilbert-Schmidt norm should be 
indistinguishable from any measurement procedure that 
can be performed on them. While this argument may 
hold for finite-dimensional systems, it is easily seen not 
to be the case for infinite dimensions. We demonstrate 
this explicitly in section IVI1 where two states with van- 
ishing Hilbert-Schmidt distance (the same states consid- 
ered in section IIV[) are shown to have divergingly dif- 
ferent expectation values of joint observables. Further- 
more we demonstrate in section [VTl that even though the 
Hilbert-Schmidt (2-norm) distance vanishes, and there- 
fore all higher- norm distances, the trace (1-norm) dis- 
tance remains finite. This further indicates that in in- 
finite dimensions the geometric discord is not a faithful 
quantifier of quantum correlations. We therefore cannot 
conclude that for large acceleration all quantum correla- 
tions reach negligible levels, rather this is only so for a 



subset of such correlations as discussed above. However 
even given that quantum correlations survive in this limit 
it remains unclear if one could practically access them for 
use. We discuss this point further in section IVT1 

We note that very recently the geometric discord has 
been revealed to have unappealing properties indepen- 
dent of the question of dimensionality [25[ . Our findings 
arc independent and commensurate with the results pre- 
sented in this work regarding the notion that geometric 
discord is an inadequate measure of general quantum cor- 
relations. 

In this paper, we also compute, for completeness, the 
geometric discord for fermionic fields. In this case we find 
that it does not decay to zero in the infinite acceleration 
limit. Of course there is no reason to suspect that it 
should because Rob's Hilbert space is no longer of infinite 
dimension. 

Our presentation will proceed as follows. In Sect. HTlwe 
will discuss the problems with, and the justification for 
using, the Unruh modes that we employ here. We will 
also complete our discussion of our state par, for the 
cases of both a bosonic and a fermionic field. In Sect. 
IIIII we will give a brief introduction to the quantum and 
geometric discords and define their form. In Sect. IIVI 
we will present the primary result of this article, namely 
the result of vanishing geometric discord in the case of a 
bosonic field. In Sect. |V]we will briefly give the result of 
similar calculations performed this time using a fermionic 
field, and then in section IVT1 we demonstrate that the re- 
sult of vanishing geometric discord in infinite dimensions 
does not imply absence of quantum correlations. Sect. 
IVHI contains some concluding remarks. 



II. AN ACCELERATED OBSERVER 

We will be interested in the flat-space scenario consid- 
ered by [3,[3 in which one observer (Alice) is inertial and 
the other (Rob) is undergoing uniform acceleration. It 
was shown in these articles that if Alice and Rob share a 
maximally entangled state in terms of Minkowski modes 
then the degree of entanglement is degraded due to the 
acceleration of Rob. Physically this can be interpreted 
as being due to the decohering effect of Unruh radia- 
tion as perceived by Rob. In the case of a bosonic field 
it was found that the entanglement vanishes to zero in 
the infinite acceleration limit. For a fermionic field we 
similarly see a degradation of entanglement, but in this 
case it asymptotes to a finite value in the infinite accel- 
eration limit. To describe a field from Rob's perspective 
we must transform to an appropriate set of coordinates, 
namely the Rindler coordinates (r, \). If Rob is accel- 
erating in the Minkowski direction z with proper accel- 
eration a then these coordinates are defined implicitly 
by 



t = a 1 e ax sinhar, 



_1 e° x cosh ar 



(1) 
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Note that these coordinates only cover the right Rindlcr 
wedge to which Rob is confined. A straightforward ana- 
lytic continuation lets us include coordinate patches for 
the rest of spacetime. This includes the left Rindlcr 
wedge in which we can define a duel accelerating observer, 
imaginatively named antiRob. The coordinate patch for 
the left wedge takes the form 

t = -a _1 e° x sinh ar, z = -a~ 1 e ax cosh ar (2) 

In their respective wedges Rob and antiRob travel along 
the paths \ — 0, and r is their proper time. 

These new coordinates allows us to perform a Bogoli- 
ubov transformation between the Minkowski modes of 
a field (eigenvectors with respect to Lie transport along 
t) and Rindlcr modes (eigenvectors with respect to Lie 
transport along r) (26[. The Rindler modes as described 
by Rob and antiRob together form a complete basis with 
which we can expand the Minkowksi modes. Therefore an 
arbitrary state as perceived by Alice can be represented 
in this basis as well. However we know that Rob and 
antiRob are causally disconnected, which means that a 
state as perceived by Rob cannot have any contributions 
from the antiRob modes. To obtain the part of the state 
common to Alice and Rob we must therefore trace out 
the left Rindlcr wedge in which antiRob lives. In general 
the resulting reduced state will be mixed, meaning that 
we must describe it with a density matrix par- It is this 
state that we will be concerned with. 

As has been done extensively in the past, and what we 
will do as well, is to simplify our work by replacing an ex- 
cited Minkowski mode as perceived by Rob with what's 
known as an Unruh mode p7j . Such modes form an al- 
ternative complete set of solutions from the Minkowskian 
perspective. These are a particularly convenient set of 
solutions to utilize because they map to single frequency 
Rindlcr modes while nevertheless sharing the vacuum of 
Minkowski modes. While the use of Unruh modes is not 
without its problems they can still be useful in making 
qualitative predictions. This is especially true in the in- 
finite acceleration limit, which is where our focus is here. 
We now proceed to give a more complete description of 
this procedure and the justification of its use. 

We will consider the following family of bipartite, max- 
imally entangled states of a scalar field prepared from the 
inertial perspective commonly used in the literature on 
relativistic quantum information [27j . 

|*>ar=^(|00) + |11)) ) (3) 

where the states |1) belonging to Rob's subsystem are 
Unruh modes of a given Rindlcr frequency uj as seen by 
accelerated observers with proper acceleration a. 

An arbitrary Unruh mode for a given acceleration has 
the form H3, 

= qhC^.L + SrCw.R: (4) 



where |g L | 2 + |<7r| 2 = 1, and 

C w ,r = cosh To, a u ,i - sinh r u n , (5) 

C w ,l = coshr w a w ,n -sinh ^0^, (6) 

where is defined by tanhr w = e" ICW /° and 
a w,i/iii a lj i/u are Rindler particle operators for the scalar 
field in the left and right spacetime wedges respectively. 

Note that the use of Unruh modes is not free from prob- 
lems: due to the their ill-localisation these modes cannot 
be completely measured, and at best can only be approxi- 
mately determined by means of a localised measurement. 
Additionally the Unruh modes as seen by any inertial ob- 
server are highly oscillatory near the acceleration horizon. 
This makes them bad candidates for physically feasible 
states. In this paper we are choosing a different Unruh 
mode for each value of the proper acceleration, so as to 
keep the Unruh to Rindler change of basis always simple. 
This simplification is common in the literature (although 
in the papers preceding ref. [13] it was sometimes used in 
a very obscure way) and has been employed extensively 
in recent years [28l - l33l |. We are interested in using these 
modes in order to contrast the fundamental results ob- 
tained here with those in previous literature that made 
use of these modes [|| . 

Notice that the most general state of positive 
Minkowski frequency can always be decomposed into a 
linear combination of Unruh creation operators in the 
left and right wedges, so by studying these modes we are 
analysing the behavior of a convenient complete basis of 
solutions of the field equations that can span any physical 
state. 

As with other work on relativistic quantum informa- 
tion employing Unruh modes (e.g. [J 0, H, H3] among 
others) we obtain a 1-parameter family of solutions de- 
pending on r, which is related not only to the accelera- 
tion parameter but also to the choice of state. The use of 
Unruh-modes to construct the entangled state ([3]) yields 
two nice features: this one-parameter family of states 
are maximally entangled in the inertial limit and trans- 
late to single frequency entangled states from the point 
of view of constantly accelerated observers. Of course, 
translating the results obtained in this scenario to carry 
out concrete experiments is not straightforward and other 
approaches should be used (such as localized projective 
measurements (3?| or particle detector models [Hf). 

Nevertheless, the use of Unruh modes to extract con- 
clusions regarding fundamental physics is justified due to 
the following desirable features. 

• They are purely positive frequency linear combina- 
tions of Minkowski modes. 

• The vacuum for the Unruh modes is the same as 
for Minkowski monochromatic modes. 

• They have a sharp frequency when translated to 
the Rindler basis. 
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• They yield a complete set of orthonormal solutions 
of the Minkowski coordinate field equations. 

Furthermore, while the results we obtain map out the 
behaviour of different states as the parameter r changes, 
the features noted above ensure that in the inertial limit 
(or small-r limit - which is also the small acceleration 
limit) they will describe the behaviour of maximally en- 
tangled physical states and in the large-r limit (which is 
also the large acceleration limit) they will also yield the 
correct behaviour for physical states. So although quan- 
titatively some details for intermediate values of r could 
differ for physical states, our results qualitatively describe 
the behaviour for the relevant states as a function of the 
acceleration and our main result - the vanishing of geo- 
metric discord in the infinite acceleration limit - remains 
valid for both Unruh modes and physical states. 

Therefore, for all these reasons, the field excitations 
in this work will be considered for convenience as Un- 
ruh modes |1) = |0). All these states have an im- 
plicit dependence on Rob's acceleration a when expressed 
in the Rindler basis through a parameter r w defined by 
tanhr w = e ~ 7Icul/a . 

We will restrict our considerations to a particular 
choice of Unruh modes <7r = 1 =>■ = 0. This is 
the regime known as the single mode approximation [27j . 
Restriction to this regime allows us to most straightfor- 
wardly demonstrate our results, which trivially carry over 
to any other choices of Unruh modes. Previous work an- 
alyzing discord in field states from non-inertial perspec- 
tives [8J were also limited to this regime, thereby making 
comparisons simpler. 

A Minkowski vacuum state is defined as the absence of 
any particle excitation in any of the modes 



,M 



(7) 



and can be expressed in terms of a product of two-mode 
squeezed states of the Rindler vacuum 



|0*> 



M 



oo 

— tanh " r K)j \n k ) u (8) 



coshr 



coshr = (l-e- 27 ^)- 1 / 2 , Q.= \k\c/a 

where \nk) j and \nk) u refer to the mode decomposition 
in region I and II, respectively, of Rindler space. Each 
vacuum Minkowski mode j has a Rindler mode expansion 
given by Eq. (JSj) . Additionally, the one-particle Unruh 
mode \1k) = C\ |0) using = 1 has a Rindler ex- 
pansion given by 

|lfe) W = r-o - J~] tanh™ r \J n + 1 1 (n + l)k)j \nk) J7 , 

cosh r „ 

We can rewrite Eq.([3]) in terms of Minkowski modes for 
Alice and Unruh modes for Rob. Since Rob is causally 



disconnected from region II, we must trace over the states 
in this region, which results in a mixed state 



PAR = tt- y~] tanh 2 ™ r p r , 

2 cosh r t -^L 



where 



Pn = \0,n) (0,n\ + ^""j" 1 \0,n) (l,n + l| 
cosh r 



(9) 



(10) 



vn+T , , , n + 1 , 

+ — |l,n + l) (0,n\ + 2 |l,n + l) (l,n+l| 



cosh? 



cosh 



We will find it convenient to rewrite this state in the 
following form, 

1 - i 2 

PAR = — 2~ (|0) (0| ® A/ 00 + |1) (1| ® M n 

|0)(l|®Moi + |l)(0|®Mio) (11) 

where t = tanhr and the matrices on Rob's Hilbcrt space 
are 

oo 

M 00 = yt 2n \n)(n\, (12) 

n=Q 
oo 

Mu = (1 - t 2 ) J2( n + l ) t2n \ n + 1> <« + 1| . 

n=0 



Moi = Vl-t 2 J2 V^TTt 2n \n){n+l\, Mio = 



n=0 



For the Dirac case a similar analysis [H implies that 
the Dirac Minkowski fields expanded in terms of Unruh 
modes yields 

|0 fc ) w = cosr lOfc^lO-k^ + sinr |l fe )/|l-fc>// (13) 



\U) U = 10^11-*) 



ii 



(14) 



where \0} u = \0) since the Unruh modes are just lin- 
ear combinations of purely positive frequency Minkowski 
modes. Following the same procedure as that performed 
for the bosonic field, the Alice-Rob reduced density ma- 
trix takes the form [2| 

p AR = I[cos 2 r 1 00) (00| + sin 2 r [01) (01| 
+ cosr(|00) (11| + |11) (00|) + |11) <1 1 1] (15) 



III. THE QUANTUM AND GEOMETRIC 
DISCORDS 

Quantum discord is a measure of quantum correlations. 
It coincides with entanglement for pure states, but in 
the case of mixed states represents a broader measure of 
quantum correlations than does entanglement, as it can 
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persist even for separable states [T(|. Quantum discord 
is thought to be crucial in quantum algorithms that out- 
perform their classical counterparts but where little to 
no entanglement is present |9l-[l2|. It is therefore a mat- 
ter of important interest both from a foundational and 
practical point of view to understand quantum discord 
in physical systems. In particular it is of interest in rel- 
ativistic settings as space-time horizons such as one that 
an observer in Rindlcr space experiences often have the 
effect of turning initially pure states into mixed states 
as in the case considered here. In this regime therefore 
discord might capture non-classical behaviour that is not 
encompassed by entanglement. 

In previous work detailing quantum correlations in rel- 
ativistic settings 0, [T3| the original definition of discord 
Q was analyzed. In this definition, the discord of a state 
Pab composed of two subsystems A and B is given by 



AB) 



where S(p) 
tropy and 



S(p A ) + min S(p B \{Tl A }) - S{p AB ) (16) 
{n A } 

■■ — Tr(plog 2 (p)) is the Von Neumann en- 



S(p B \{U A })=-J2PaS(p h \Il a ) 



(17) 



is the conditional Von Neumann entropy; the Von Neu- 
mann entropy of subsystem B after the projective mea- 
surement {II a } has been performed on system A. Here 
p a = Tr(II a <g) IpabHa (8 I) is the probability of the mea- 
surement resulting in outcome II a . The superscript A in 
Eq. (fT())) serves to identify that the measurement is be- 
ing performed on subsystem A. In general the discord is 
asymmetric upon this interchange 



D A {p AB ) £ D B {p AB ) 



(18) 



where the subscript 1 is omitted because this relationship 
also holds for the geometric discord, which will now be 
introduced. 

The geometric discord is a metric based measure of 
quantum correlations. It is measured by the distance in 
state space from the state in question to the nearest state 
with zero discord. Such zero discord states are known as 
classical-quantum (quantum-classical) states when con- 
sidering the case that measurement is performed on the 
subsystem A (B). The state-space distance is measured 
by the square of the Hilbert-Schmidt distance. The geo- 
metric discord is given by 



D G (p AB ) = mm.\\p AB 

X6C 



X\ 



(19) 



where C is the set of classical-quantum states and 

\\p~ X \\ = Tr((p-x) 2 ) (20) 

is the squared Hilbert-Schmidt norm. The reader should 
note that the geometric discord has been shown to be an 



experimentally accessible quantity [23l . l36j . It was also 
shown in (TEj that the geometric discord is equivalent to 
a somewhat more workable form given by 



dUp) 



mm \ \p ■ 
{n a }" r 



min Tr((p - p f) (21) 
{n„} 



where p' is the state after the projective measurement 
{n a } has been performed on subsystem A as given by 



^(n a ®/)p(n a ®/) 



(22) 



This second form of the geometric discord is the one that 
we will be using to perform our calculations. 



IV. DISCORD AND BOSONIC FIELDS 

We continue now to the computation of geometric dis- 
cord for the Alice-Rob system described above, where 
here we focus on the case of a bosonic field. It is in 
this case we find that in the infinite acceleration limit 
Dg(par) decays to zero, despite the fact that the quan- 
tum discord Di(p A r) limits to a finite value as shown in 
Q. As explained in the introduction, this peculiar be- 
havior is actually what should be expected in the case of 
infinite dimensional systems with unbounded energy. 

Computing the geometric discord Dq for this system 
is straightforward but somewhat tedious. We will outline 
the steps to be taken in this calculation and present the 
end result, but first it may be useful to give a much faster 
calculation that illustrates our primary finding: that Dq 
vanishes in the large acceleration limit. In this simplified 
calculation wc won't worry about the minimization over 
projective measurements but rather just pick one that 
makes the calculation easy. This will give us an upper 
bound on Dq, which we will see also vanishes for infi- 
nite accelerations, thus proving our result. Indeed, the 
fact that this occurs for any projective measurement on 
Alice's system is an interesting result in its own right. 

The measurement to be taken is effectively over a single 
qubit system and can therefore be parameterized by the 
unit vector x = (xi, X2, Za), x\ + x\ + x\ = 1, where the 
projectors are given by 



n± = i(j±x.*) 



(23) 



where a = (cti, 02, 03) are the Pauli matrices and / is the 
2x2 identity. As we will see, the geometric discord turns 
out to be independent of x\ and X2 and is minimized 
when X3 = 0, which is the same projective measurement 
found to minimize the quantum discord in [8[. 

First, let us compute an upper bound by choosing our 
measurement such that X3 = 1 (and thus x\ = X2 = 
0); this corresponds to the projectors II + = |0) (0| and 
n_ = |1) (1|. When this choice is used we will label the 
resulting geometric discord Dq\ X3= \, and by definition 
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it must be greater than or equal to the true geometric 
discord D G . Recalling Eq. (j2"Tj) . we have 



1x3 = 1 



Tr((p AR - X ) 2 ) 



(24) 



where \ is the state after the measurement 
{|0) (0| , |1) (1|} has been performed. Clearly this 
acts to eliminate the off-diagonal terms from Par, 



Par -> X = ^2 (|a> H ® Ir)par (\a) (a\ ® 7 fi ) 

-(|0)(0|®Moo + |l)(l|®M u ) (25) 



a=0,l 
1-i 2 



The operator /5a_r — X wn l therefore be the purely off- 
diagonal part of par, and upon squaring will again be 
diagonal and of the form 

(Par - X? = (1 ~* ) ( |0) (0| ® MqiA/io 

+ |l)(l|®MioM i) (26) 

Note that M iM 10 is diagonal, and to finish the cal- 
culation we need to compute the trace Tr(M iM 10 ). We 
will also find it necessary later to compute the traces of 
other products of M matrices, and so we will list them 
now. The nonzero traces of such products are easily 
found via geometric series, 



1 



l + t 4 



Tr(A^) = — ^i) = " (1 + mi _ t4)! 



Tr(MooMu) = Tr(M n M ( 



t- 



01] I 



(l + i 2 )(l -i 4 )' 

Tr(M iM 10 ) = Tr(MioMoi) - - ■ — ^- -rr (27) 



(l+oa-* 4 ) 



With this, we conclude 



-Tr(M iM 10 ) = 



1-t 2 



2(1 + i 2 ) 2 



(28) 



which indeed decays to zero in the infinite acceleration 
limit t — > 1. Since Dq < Dg\x 3 =i, this simple calculation 
demonstrates that Dq — > in this limit as well. 

Although the previous calculation demonstrates our 
primary result, for completeness let us also include the 
full result of how Dq behaves as a function t. While doing 
this is much more tedious than the previous calculation, 
it is nevertheless straightforward and we will outline here 
the steps to be taken. Using the projectors in Eq. ([23]) 
the geometric discord is given by the minimization of 
Tt((par — Par) 2 ) over *he parameters (xi, x 2 , x 3 ). The 
post-measured state p' AR is 



Par = ( n ° ® I R)PAR(n a ® Ir) 



(29) 



and we will find it useful to consider this in the form 



Par 



PR\a 



(30) 



a=± 



where pn\ a is the post-measured state of Rob's reduced 
system conditioned on the outcome a, 

p RW = Tr A ((II Q <g> I R )p A R(U a <g> I R ))/ Pa (31) 

and p a is the probability of measurement outcome a, 

p a = Tr((n o ® I R )pAR(n a 8> /«)) (32) 

The projectors in Eq. (|23f can be written as 



n± = -[(i±x 3 ) 



;o| + (i T x 3 )|i>(i| 

±(xi-ix 2 )|0)(l|±(xi+ix 2 )|l) 



from which it is easily seen that the outcome probabilities 
equate to p± = 1/2 and that 



PR\± 



1-i 2 



-P± 



(33) 



where 



p± =(1 ± x 3 )M 00 + (1 T x 3 )M n 

±(x 1 -ix 2 )M 01 ±(x 1 +ix 2 )M w (34) 

Note that the result p± = 1/2 is entirely expected since 
it is easily seen that Alice's reduced state is maximally 
mixed, pa = T^rPar = ^/2, and so the outcomes of any 
projective measurement must have probabilities 1/2. 

From these preliminaries it is simple to show that the 
quantity we need to evaluate is given by 



Tv((p A R - p'ar) 2 ) =^-^[Tr(A 2 



llll I 



+ TriXfj + 2Tr(A iA 10 )] (35) 



where 



^oo = M 00 - ((1 + x 3 )p+ + (1 - ar 3 )p_)/4 
X u = M u - ((1 - x 3 )p+ + (1 + x 3 )p_)/4 
Xq\ = Mqx - (xi - ix 2 )(p+ - p_)/4 
X w = Afio - (xi + ix 2 )(p + - p_)/4 (36) 

The traces Tr(A^ ), Tr(A 2 : ) and Tr(A iAi ) are given 
by linear combinations of the traces presented in Eq. (|2T[) 
such that the above equation reduces to 



2\2 



^{(Par-Par) ) 



(I-* 2 ) 
8 



[(l-x 2 )(Tr(M 2 ) 



Tr(M 2 x ) - 2Tr(Mo M u )) + 2(1 + x 2 )Tr(M 01 M 10 )] 



l-£ 2 
4(1 +i 2 ) 3 



(2 + t 2 + x^ 2 ) 



(37) 
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where Eq. (|27| was used in the last equality. Note that 
this quantity is independent of x\ and Xi and that if we 
set 13 = 1 we obtain the same result as Eq. (|28|) . as we 
must. In any case, this is clearly minimized when X3 = 0, 
and we have 



Dg(par) 



(l-t 2 )(2 + t 2 ) 
4(1 +t 2 ) 3 



(38) 



Note that the quantum discord Di(rhoAFi) also takes its 
minimum at x% = 0, as found by Q. Unlike the quantum 
discord however, the geometric discord approaches zero 
as t — > 1. 

It is also interesting to point out that the result 
Dg(par) —> as t —> applies also to the case when the 
measurement is performed on Rob's system rather than 
on Alice's. In general the definition of geometric discord 
as given by Eq. (f2~Tj) is not symmetric between the sub- 
systems, and so we would generally expect Dg{par) to 
depend on who's system we are performing a measure- 
ment on. This is also true of the quantum discord and 
the results found by Datta Q were for the case in which 
Alice's system is the one that is measured, as is also the 
case that we have examined here. Unfortunately it is un- 
known how to perform the same calculation when Rob's 
system is measured. The difficulty arises when attempt- 
ing to perform the minimization over projective measure- 
ments, which in Rob's case is a minimization over an in- 
finite set of parameters rather than the two parameters 
encountered on Alice's side. Thus we seem stuck with a 
one-sided view of the discord in our considered scenario. 

However, we are always free to compute an upper 
bound by making a choice of measurement, as was done 
above to compute Dg\x 3 =i- This can just as easily be 
done when the measurement is performed over Rob's 
system, in which case we choose the set of projectors 
{\n) (n\} over all n. In this case the geometric discord 

satisfies D G R '(pA R ) < Tt((par — Xr) 2 ), where we use 
the notation Dq (par) to indicate that now the mea- 
surement is over Rob's system. We now observe that 
the post-measured state \R 1S equivalent to the post- 
measured state found above, Eq. (|25p ! That is, 



Par -> XR = ^2(.!a ® \n) (n\)p AR (I A ® \n) (n\) 



n=0 
1 - & 



(|0>(0|® Moo + |l><l|®M n ) (39) 



The subsequent calculation will therefore follow exactly 
as above, and we conclude that D g R \par) — > as t — > 1. 
That is, the geometric discord vanishes in the infinite ac- 
celeration limit both when the measurement is performed 
over Alice's system and when performed over Rob's sys- 
tem. The reader should note that such an upper bound 
calculation can also be performed for the quantum dis- 

( R) 

cord D\ (par), but the result is uninformative as the 
upper bound simply approaches the finite value ps 0.85. 



V. DISCORD AND FERMIONIC FIELDS 

It has been shown previously that when Rob and Alice 
share a maximally mixed Minkowski state, Eq.@, of a 
Dirac field that entanglement @ and discord when Alice 
does the measurement 13[ decrease with increasing ac- 
celeration, but that both quantities remain finite in the 
infinite acceleration limit. We calculate here geometric 
discord considering cases where both Alice and Rob per- 
form the measurement. Geometric discord decreases as 
acceleration increases but remains finite in the infinite 
acceleration limit similar to D\ as can be seen in figure 
[TJ It is not surprising to find that the geometric discord 
limits to a finite value in this case, because we no longer 
have the infinite dimensional Hilbert space required to 
see such a characteristic. 

While the calculations in this section are straightfor- 
ward they are somewhat tedious. For this reason we out- 
line the calculation of the discord in the case Alice where 
does the measurement, but simply present the results 
for the case when Rob does the measurement. Because 
the Hilbert space is now finite it is straightforward to 
complete these calculations and optimizations by direct 
calculation. 

In calculating the geometric discord we follow here an 
approach similar to that used in the bosonic case. In the 
case that Alice docs the measurement her density matrix 
is the maximally mixed state. Therefore the probability 
of measuring any outcome is 1/2 just as in the bosonic 
case. In fact it is easy to construct analogues of the Mo- 
matrices 



i?oo = V] cos 2 r tan 2 ™ r\n) (n\ 

n=0 
flll = |l><l| 

Rio = i4i = cosr|l) (0| 



(40) 

(41) 
(42) 



where for fermions r = atan ( e ~ 7 ' cu / a '^ ; which then allows 
us to write (as per eq. (fTTj)') the state of the Dirac field 

as 

pAi = \m (oi®i?oo + ii)(ii®i?n 

+ |0)(l|®i? O i + |l)(0|®i?io) (43) 

This form and the properties of the R&s allows the steps 
outlined in the bosonic case to carry through; we need 
only replace the traces of the M a matrices with those of 
the R a matrices from which it is straightforward to see 

Dq = min[-((cos 2 r + cos 4 r) + x^cos 2 r — cos 4 r))] 

X3 4 

(44) 

which is clearly minimized at X3 = giving 
1 



D 



G — ^-(cos r + cos r) 



(45) 
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FIG. 1: (Color online) Discord of the Alice-Rob shared state 
Eq. (|15|) of a Dirac field. The top figure compares the 
quantum discord D\ (blue, upper curve) with twice the ge- 
ometric discord 2Dg (red, lower curve) as a function of r = 
atan(e~' rcu '' /a ) in the case that Alice performs the measure- 
ment. The bottom figure compares Do between the cases in 
which Rob performs the measurement (blue, upper curve) and 
when Alice performs the measurement (green, lower curve). 



Calculation of the discord in the case that Rob does 
the measurement is once again more difficult than the 
case where Alice does the measurement because his state 
is not the maximally mixed state. The probabilities of 
each measurement outcome are in general functions of r 
and x; this complicates the calculations. However it can 
be shown that minimization occurs with X3 = for which 
it is simple to verify 



D G ' : = ji 1 + cos 2 r(2cos 2 r- 1)) (46) 



VI. ON THE GEOMETRIC DISCORD BASED 

ON DIFFERENT NORMS AND THE 
PRACTICAL ABILITY TO DISTINGUISH TWO 
STATES AT ZERO RELATIVE DISTANCE 

In this section we analyse the behaviour of other possi- 
ble geometric measurements of quantum discord for the 
infinite dimensional states that appear in this paper. We 
will show that the classical state that we use to obtain an 
upper bound on geometric discord has a non-zero trace- 
norm distance. We will then discuss our ability to dis- 
tinguish the state par from x i n the limit of infinite ac- 
celeration when their Hilbert-Schmidt distance vanishes. 

If we redefine the geometric discord (fT9"| as 

iDq(par) = min \\p AB - x\\i (47) 

with \\pab — x\\i being the trace norm instead of the 
Hilbert-Schmidt norm 

WAWi-TiivfAA^) (48) 

and if we evaluate an upper bound to this new 1- 
gcomctric discord using the same prescription that we 
made to provide an upper bound for the regular discord 
based in the H-S norm we obtain the following expression 

00 

iD£( PA r)\ X3=1 = VTl^FE i 2 " v^TT (49) 

ra=0 

This can be further simplified to 

1 d£( PA r)\ X3=1 = t~ a y/(l=WU_i (i 2 ) (50) 

where IA s (x) is the polylogarithm of order s 

00 n 

U s (x) = J2^7 (51) 

71=1 

which is indeed monotonically decreasing. However 
in the infinite acceleration limit takes a finite value 
lim^oo 1 D^(par)\ X3=1 « 0.31. 

This does not mean that the 1-geometric discord that 
we have just defined is not zero in the infinite acceleration 
limit. However it does mean that, at least for the same 
classical state that provided an upper bound equal to zero 
for the standard geometric discord in this limit, the 1- 
discord is non-zero. So are we then permitted to say that 
this state would not be distinguishable from a classical 
state in a given experiment? 

One can compute the difference between the same ob- 
servables evaluated in p and x to try to evaluate if the 
states that are infinitely close to each other in the H-S 
norm are possibly distinguishable in an experiment. The 
naive idea exposed above would be that two states whose 
distance is zero should be indistinguishable. While this 
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is true in finite dimension, we will show that it is not true 
in our case. 

It is trivial to see that as \ is j us t the diagonal part 
of p, all the local observables will be the same for both 
states. So p and \ are indistinguishable by means of local 
measurements. 

One could ask what happens with non-local observ- 
ables. It is trivial, since \ ' m just a diagonal matrix, 
that the canonical position and momentum correlators 
are zero, this is 

(X A X R ) X = (P a Pr) x = 

where X = 2~ 1 / 2 (a + at) and P = {i/V2)(at - a). 

If we use (fTTj) and evaluate (X a Xr) p = 
^(pabXaXr) we obtain that 

{X A X R ) p = ^^Tr (X R M Q1 + X R M W ) (52) 

Given that (see (|T2]0 



TrX R M 01 = TrX R M m = + 1) t 2 

n=0 

which yields 



TiX R M 01 = TrX R M w = \J c ^ ( 53 ) 
where c = coshr. Substituting in (|52j) 

(X A X R ) p = ( - ^c 4 (54) 

which is clearly divergent when a — > oo. 

Hence in principle, even when two states are infinitely 
close to each other in the H-S distance, there exist ob- 
servables that can be divergently different. In this case, 
the X correllators are zero for the classical state x, while 
they are divergent for the state par arbitrarily close to 
it in the H-S norm. 

That said, the X correlators are unbounded operators, 
and it is still not clear how one could effectively mea- 
sure such correlations in an infinite dimensional system 
as the one that appears here. Clearly, no apparatus can 
in practice distinguish a state of N photons from a state 
of N+ 1 photons when N is very large; and in the infinite 
acceleration limit, the relevant Fock components of the 
state par are precisely those with very large N, hinder- 
ing the possible practical access to correlations in such a 
state (indeed, for large accelerations one can check that 
the correlations in the partial systems of limited number 
of photons decay to zero). 

This indicates that one has to be careful when ana- 
lyzing infinite dimensional systems of unbounded energy 
when it comes to the study of quantum correlations. We 
are definitely safe stating that the quantum tasks using 



(standard) geometric discord as resource cannot be car- 
ried out, even in theory, in the infinite acceleration limit, 
whereas some other correlations may survive such limits 
even though its existence cannot be acknowledge via any 
practical protocol. 



VII. CONCLUSIONS 

In this paper we have analyzed the geometric quan- 
tum discord in one of the most common scenarios where 
entanglement in non-inertial frames has been historically 
studied. We have shown that in these scenarios pecu- 
liar states which present non-zero discord but vanishing 
geometric discord naturally appear. 

While the entropic notion of quantum discord between 
bosonic fields remains non-zero in the infinite acceler- 
ation limit, we have shown that the geometric discord 
actually vanishes, indicating a qualitative distinction be- 
tween these two measures. This implies that the behavior 
of quantum correlations in non-inertial frames (and by 
extension, gravitational fields) is somewhat more subtle 
than might be originally expected. We have argued that 
our result has two implications. Firstly, the Alice-Rob 
scenario acts to illustrate that the geometric discord is 
not a faithful measure of quantum correlation when con- 
sidering infinite-dimensional systems with large mean en- 
ergy. Secondly, the vanishing of geometric discord never- 
theless implies a significant limitation on the usable quan- 
tum correlations for large accelerations, specifically to- 
wards the use of quantum communication protocols such 
as teleportation and remote state preparation. 

It should be noted that scenarios of the type we have 
considered can be extended to discuss quantum correla- 
tions in black hole spacetimes Q • The near- horizon limit 
of a large class of horizons from the perspective of a static 
observer is equivalent to the Rindlcr horizon perceived 
by an accelerating observer. Even more interesting is the 
possibility to export this result to dynamical stellar col- 
lapse scenarios [f| , in view of latter results on quantum 
correlations behaviour in the presence of a full dynamical 
stellar collapse [Hj]. With these prospects in mind, work 
of this sort may be found to have implications for the 
problem of black hole information loss. 

Finally, we would like to note that the results found 
here are commensurate with those of the behaviour of 
vanishing quantum correlations of two (initially entan- 
gled) accelerated qubits j3{|. Although this study is 
specific to the detector model employed, it further sug- 
gests that the correlations in accelerated quantum sys- 
tems may not survive the infinite acceleration limit 
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